ABSTRACT For frequency diverse array (FDA) range-angle-dependent beampattern synthesis, the objective is to obtain the desired beampattern performance using fewer antenna elements or smaller aperture. This paper proposes a FDA single-beam pattern synthesis by joint 1 -norm minimization and convex optimization in the beginning. A virtual uniform FDA array with small element spacing and corresponding frequency increment is created first. Then, we formulate the array pattern synthesis (APS) problem as finding a joint sparse weight vector, which can be obtained by solving a convex optimization problem with the joint sparse constraint between angle dimension weight vector and range dimension weight vector, where some small entries of the vector can be regarded as zeros without significantly changing the array pattern performance. The antenna elements corresponding to the mapping positions of nonzero values of the joint sparse weight vector are placed to form a non-uniform FDA. Finally, convex optimization is further conducted to obtain the optimal weight vector of the non-uniform FDA. Besides, we expand the idea to FDA multi-beam pattern synthesis based on the convex optimization problem with joint sparse constraint between angle dimension weight matrix and range dimension weight matrix. Numerical examples are provided to verify the efficiency of achieving the desired radiation pattern with the fewer antenna elements, and better APS performance for given array elements.
I. INTRODUCTION
The goal of array pattern synthesis (APS) is to find the complex excitation or physical layout of the array that produces the radiation pattern as close as possible to the desired one. The Dolph-Chebyshev method [1] has been used to design low sidelobe beampatterns with adjustable beamwidth for uniform linear array (ULA) phased-array. The properties and design of non-uniformly spaced linear arrays have been well covered in [2] . A recursive least-squares method has been proposed for non-uniform linear array beampattern synthesis [3] . Besides, evolutionary algorithms [4] - [6] , as well as convex optimization techniques [7] , [8] are used to solve the APS problem. When the number and positions of elements are known, non-uniformly spaced arrays can be optimized using convex programming.
Recently sparsity constraint-based APS problem was investigated in [9] - [12] , in which the paper solved the APS problem with the bayesian compressive sensing inversion algorithm [9] , and Caratelli and Vigano [10] presented a deterministic synthesis technique for constrained sparse array design problems. However, the existing APS methods with phased-array has only angle-dependent beampattern, which cannot steer the beams to different range cells without multiple antennas or a multibeam antenna. What is more, rangedependent energy distribution can provide many potential advantages in some real-life applications.
A new kind of array named frequency diverse array (FDA) which applies a small frequency increment between contiguous elements, has been presented [13] - [15] . Contrasting with the range-independent beam of phased-array radar, FDA can provide range-angle-dependent beampattern [16] - [21] . And the paper has discussed the range, angle and time periodicity of FDA beampattern [22] . Moreover, phased-array radar need expensive phase shifters for beam steering that are dispensed within an FDA radar. For these reasons, FDA has recently gained substantial interest. The FDA with fixed frequency offset is investigated mostly, Khan W. et al. proposed variational frequency offset schemes to achieve time-dependent range-angle-dependent beampattern [23] , [24] . The rangeangle-dependent beampattern makes the FDA become a hot research topic in target imaging [25] , localization [26] , [27] , bistatic radar [19] , [28] - [30] and so on [31] .
In this work, we propose a joint sparsity-based rangeangle-dependent beampattern synthesis algorithm by using sparse representation theory [32] and convex optimization [33] . For a given array aperture, a uniform FDA with smaller element spacing than that of conventional FDA (half of the signal wavelength) is created first, then we obtain a joint weight vector by solving a convex optimization problem with sparse constraint between angle dimension weight vector and range dimension weight vector. A joint sparse weight vector is further obtained by pruning some small entries of the joint weight vector without significantly degrading the APS performance. After optimizing the array geometry according the non-zero indexes of the joint sparse weight vector, we further minimize the difference between the synthesized beampattern and the desired beampattern via convex programming for the optimal weight vector. And we expand the idea mentioned above to FDA multi-beam pattern synthesis. Compared with existing reference method [34] , our proposed algorithm can achieve the same APS performance with fewer antenna elements, and obtain better APS performance using the same number of FDA elements. The new contributions of this work is different from our previous work [35] in at least two aspects: One is that, a more general multiple range-angle-dependent beampattern synthesis scheme is presented and simulated in a much more extensive way for the FDA with multi-carrier. The second is that the 'Cross' shaped beampattern synthesis is given, which demonstrates the proposed algorithm can enable arbitrary transmit energy focusing shape.
The remainder of this paper is organized as follows. Section II reviews a standard FDA model with singlecarrier and a special FDA model with multi-carrier. The resultant FDA beampattern synthesis problem is formulated in Section III. In Section IV, we present the rangeangle-dependent beampattern based on joint sparse constraint between angle dimension weight vector (matrix) and range dimension weight vector (matrix). Simulation results are given in Section V. Finally, conclusions are drawn in Section VI.
II. FDA MODEL AND REVIEW
Consider an M -element linear uniform transmit FDA with element spacing d = λ/2 with λ being the wavelength, as shown in Fig. 1 . The radiated frequency of the mth element is [13] and the phase difference between the m-th element and the first element for a given far-field point with direction θ and range r can be expressed as
using approximation r m ≈ r − (m − 1)d sin θ , where f 0 , f and c represent the carrier frequency, frequency increment and the speed of light, respectively. Then the steering vector can be expressed as
where ϑ = 2π f 0 dsinθ/c, ψ = 2π fdsinθ /c, ϕ = 2π r f /c, and is the Hadamard (element-wise) product. We can see that the first term of equation (3) is the same to conventional array factor seen frequently in phased-array, the second term and third term shows that the FDA radiation pattern depends on the range, frequency increment and angle, which makes the FDA steering vector different from the angle-dependent steering vector of phased-array, the FDA steering vector also depends on range r and frequency increment f , as expressed in the (3). So the range-angledependent beampattern can provide local maximum at different ranges, which means that the FDA has the capacity to focus transmit energy on the desired range-angle section. The Eq. (3) is the steering vector of a linear uniform FDA using single-carrier, and the beampattern peak will vary with the angle and range. To focus the transmit energy on the desired range-angle two-dimensional section, we employ the linear FDA with multi-carrier transmit mode [36] , [37] , as shown in the Fig.2 , and the steering vector of the FDA with multi-carrier can become Kronecker product of vector a (θ ) and vector a R (r) after designing the frequency increments
. . , M ) of each antenna. The radiation frequency for the kth element and the lth frequency component can be expressed as And corresponding the steering vector can be written as
where ⊗ denotes Kronecker product.
According the essence of discrete spheroidal sequence (DSS) [34] , we can focus the transmit energy on the twodimensional section of interest 0 : θ min ≤ θ ≤ θ max , r min ≤ r ≤ r max , the corresponding optimization problem can be described as [17] (6) where w θ and w r are taken as the eigenvectors associated with the largest eigenvalue of A θ and A r , respectively. So the questions transfer to decomposing the matrixes A θ and A r . Note that, | · |, · 1 , · 2 and · ∞ denote the absolute value operator, 1 -norm, 2 -norm and ∞ -norm of a vector or matrix, respectively. (·) * , (·) T and (·) H represent conjugate, transpose and conjugate transform operators, respectively.
III. FREQUENCY DIVERSE ARRAY BEAMPATTERN SYNTHESIS PROBLEM FORMULATION
Consider a linear FDA with M isotropic multi-carrier antennas located at x 1 , x 2 , · · · , x M . According to the optimization problem (6), the transmit beampattern weight vector can then be designed as W = w θ ⊗ w r . And the corresponding array response is defined as
where A(θ, r) = a (θ ) ⊗ a R (r) is the steering vector of the FDA with multi-carrier. The APS problem is to find a complex weight vec-
is the desired array response. We measure how well G(θ, r) approximates G d (θ, r) by using the peak error across both θ and r, i.e,
where ⊆ [−π/2, π/2] and R ⊆ [R min , R max ] are the set of angles and ranges, respectively.
IV. PROPOSED APS ALGORITHM
The APS problem can be first formulated as an estimation problem,
Actually, we intend to find a solution to the following problem:
where Q is the array number for a given array aperture, w i θ and w i r are the ith element of the corresponding angle weight vector w θ and range weight vector w r , respectively, a i (θ ) and a i R (r) are the ith element of the a (θ ) and a R (r), respectively. ξ is fitting error we can endure.
According to the Kronecker product relationship,
, and the constraint in Eq.(10) can be decomposed to two individual constraints corresponding to angle-dimension and range-dimension, respectively. Accordingly the Eq.(10) can be rewritten as the following optimization problem min {Q}
where G d (θ ) and G d (r) are the desired angle dimension beampattern and desired range dimension beampattern, respectively. L = 2 if the least square error (LSE) is used, and L = ∞ demotes the infinity norm. The parameters ε and η are fitting errors we can endure.
A. SINGLE-BEAM PATTERN SYNTHESIS
The processing procedure can be outlined as follows:
We first create a virtual uniformly spaced linear FDA with much smaller spacing than λ/2 inter-element spacing, which is used to optimize the array geometry with given array aperture.
2) FINDING A JOINT SPARSE WEIGHT VECTOR
According to the problem of minimizing the peak error between the synthesized pattern G(θ, r) and the desired pattern G d (θ, r), we can obtain the weight vector by solving the following 1 -norm minimization convex problem:
where c 1 and c 2 are the fitting errors between the synthesized beampattern
Minimizing ||x|| 1 makes the vector x sparse, which means ||w θ − w r || 1 is useful to make the w θ and w r have the same sparse structure and to create a sparse FDA finally. To eliminate the trivial solution, we supplement constraints w θ = 0 and w r = 0.
Here, let w J = w θ − w r = [w 1 , w 2 , . . . , w M ] T from (12) be the joint weight vector. Some smaller elements of the w J can be regarded as zeros without significantly changing the array beampattern performance. So we can obtain a joint sparse weight vector w S from w J according the following criterion: if 1, 2 , . . . , M ), the w i will be retained, otherwise w i = 0. Note that, the value of threshold ζ will affects the APS performance and convergence rate of the algorithm, so we should make a balance between them while choosing ζ .
3) FORMING A NON-UNIFORM FDA
After obtaining the joint sparse weight vector w S , we place the antenna elements according to the mapping positions of nonzero valued indexes of w S to form a non-uniform FDA.
4) OPTIMIZING THE WEIGHT VECTOR
Once the active antenna element positions is determined by above steps, convex optimization is further conducted to obtain the optimal weight vector of the non-uniform FDA,
Now the optimal weight vector W opt = w opt θ ⊗ w opt r can be obtained from (13) readily.
B. MULTI-BEAM PATTERN SYNTHESIS
We just consider one desired steering beam in formulation (12) , actually multiple desired range-angle-dependent steering beams are required in many applications. So here we design a FDA to transmit range-angle-dependent beampattern which can focus the energy on the multiple desired sections.
Assuming K desired steering beams, we rewrite our optimization problem as follows,
where N 0 is the virtual FDA antenna number within given array aperture, W i θ and W i r are the i-th row of angle weight matrix W 
is aimed at making matrix W θ and matrix W r joint row-sparse.
After obtaining the weight matrix W θ and W r by solving the convex optimization problem (14), we design the nonuniform FDA by the corresponding nonzero-element indexes of W θ − W r 2 . To further improve the array performance of the non-uniform FDA, we conduct the following optimization to obtain the optimal weight matrix, that is (14) becomes (12) when K = 1. Since the proposed algorithms Eq. (12) and Eq. (14) are convex optimization problems, they can be efficiently resolved by the openly CVX software [38] , there are no related procedure for solving. 
V. SIMULATION RESULTS AND DISCUSSIONS
Example 1 (Single Range-Angle-Dependent Beampattern Synthesis): Consider the total investigate section = {−π/2 ≤ θ ≤ π/2, 6km ≤ r ≤ 14km} and the desired energy focusing center 0 = (15 • , 10km) , we set the carrier frequency f 0 10 GHz and the array aperture 15.5λ, the objective is to design an array with the desired array pattern, as shown in Fig.3 obtained by DSS method [34] . We first initialize a virtual ULA FDA with the same array aperture 15.5λ, which has the element spacing λ/8, and the first frequency increment 7.5 KHz of each antenna element. Fig.3 illustrates the desired array beampattern synthesis result of a 32-element ULA FDA with element spacing λ/2 and the first frequency increment 30 KHz of each antenna element, Fig.4 is obtained by using our approach for a 25-element FDA, and the beampattern exhibits the maximum sidelobe of about −31.54 dB and −21.55 dB in range dimension and angle dimension, respectively. The optimal positions and the elements number are displayed in Table 1 . Obviously, compared with the reference method DSS, our proposed method saves 7 elements without degrading the array performance, and the minimum element spacing of the FDA designed by our approach is 0.125λ larger than that of the reference array designed by DSS method. Besides, our FDA has 0.625λ smaller array aperture than that of the reference array. Note that, we set threshold ζ = 0.001 experimentally in the simulation to choose active antennas, if the ratio value between |w i | and ||w J || ∞ is less or equal than 0.001 for i = 1, 2, . . ., that means this antenna scarcely change the array beampattern performance, we determine the antenna is vacant, otherwise, the antenna will be retained. In doing this, we choose 27 antennas, and the simulation result also demonstrate that our 27-antenna array beampattern performance is comparable with the reference one.
Besides, consider the case of given antenna elements number, our another 32-element array with element positions is displayed in Table 2 , and its corresponding optimal beampattern is shown in Fig.5 . Our optimal weights have enabled a sidelobe level of about −38.56 dB and −20.54 dB in range dimension and angle dimension, respectively, which is rather better than that of the reference beampattern obtained by DSS method. From the compared simulation results as shown in Fig.3, Fig.4 and Fig.5 , we can conclude that our proposed approach can achieve the comparable beampattern performance with less elements, and much better performance than DSS method for the same elements number of FDA. increment of the uniform transmit FDA and the total investigate section are the same as that of the first simulation example. The desired beampattern obtained by DSS method with a 32-element uniform linear FDA with λ/2 element spacing, as shown in Fig.6 . The element positions of our comparable 27-element array is displayed in Table 3 , and the optimal beampattern formed by the non-uniform FDA is shown in the Fig.7 which exhibits the maximum sidelobe of about −38.5 dB and −21.02 dB in range dimension and angle dimension, respectively. From the Fig.6, Fig.7 and Table 3 , we can see that our proposed algorithm can provide comparable array performance and save 5 antenna elements.
Besides, to demonstrate the validity of our proposed approach for more beams synthesis, we present 3, 4, and 5 beams synthesis with comparable performance obtained by DSS method with 32-antenna array, as shown in the Fig. 8 , Fig. 9 and Fig. 10 , respectively, and correspondingly we save 5 antennas, 4 antennas and 4 antennas.
Example 3 ('Cross' Shaped Beampattern Synthesis): To generate a suitable transmit power distribution, we study multi-beam pattern synthesis, and the simulation results show that our proposed method can keep effective-ness when multiple-mission applications are required. Actually, our proposed scheme can enable arbitrary transmit energy focusing shape for many applications. Fig.11 shows a 'Cross'-shaped transmit beampattern obtained by the 27-element FDA of 'Example 2'.
To further demonstrate the effectiveness, we provide the running time comparison of our proposed algorithm and DSS method, the simulation parameters are set as that of 'Example 1'. Fig. 12 shows that the complexity of our proposed algorithm mostly does not increase dramatically with the number of antenna elements or steering beams, which is much lower than that of DSS method.
Before ending our simulation analysis, we also extend our simulation to phased-array, the simulation parameters are the same as the that of 'Example 1' except no frequency increments. Fig. 13 and Fig. 14 show a 32-element array desired beampattern obtained by DSS method and our optimization beampattern formed by 23-element non-uniform array, respectively. From the Fig. 13, Fig. 14 and Table 4 , we can conclude that our proposed algorithm can provide comparable performance, economize 9 antenna elements which makes our 23-element phased-array with 0.25λ smaller array aperture.
VI. CONCLUSIONS
We first formulate a range-angle-dependent single-beam beampattern synthesis problem as finding a joint sparse weight vector, which can be obtained by solving a convex optimization problem with the joint sparse constraint between angle dimension weight vector and range dimension weight vector. Then we extend the idea to multi-beampattern synthesis based on the convex optimization problem with joint sparse constraint between angle dimension weight matrix and range dimension weight matrix. Our proposed scheme is proven to be effective in reducing array elements, suppressing the sidelobe, and reducing the aperture. We will expand this effective method for two-dimensional FDA APS in our further work, and investigate the feasibility of our proposed method in real-life application. 
